The contribution of multiple scattering to reverberation is computed in a layer bounded by two rough interfaces. This contribution in many ewes WN decay more slowly in time than the conventionally computed single-scat ter reverberation.
In a series of papers Maradudin and co-workers [1] [2] [3] [4] have shown how to use non-local impedance boundary conditions to calculate plane wave scattering from rough interfaces. The advantage of the impedance formalism is that multiple scattering can be described in a way that respects energy conservation and reciprocity.
Furthermore, using the impedance formalism, it is possible to use "ofi-the-shel~methods and results, such as the generalized optical theorem and the Ward identity and the Bethe-Salpeter equation to discuss the effects of multiple scattering on the second moment of the wave field.
Another advantage of the impedance formalism is that to a large extent eflects of propagation in the surrounding medium can be separated from the effects of boundary scattering.
It is this aspect of the impedance which makes it a good tool for discussing scattering in waveguides with both rough boundaries and depth-varying sound speed. In practice, impedance boundary conditions are non-local linear relations between fields and their derivatives on a horizontal planar surfaces located near the upper and lower rough interfaces of a layer. It is the scattering from such a random interfaces which makes the impedance relation non-local both in horizontal positions or horizontal wavenumbers. Such impedance conditions can be satisfied formally in the layer by writing the Green function w a superposition of two fields, e* (Q, z), which satisfy the depth separated wave equation and the boundary conditions
and the Green function which satisfies Neumann conditions at the planar surfaces. The coefficients of the waves e+ can then be found from a surface Green function g which takes the form 1 9=gil_z.
(3)
Here go is a 2 x 2 matrix kernel, diagonal in horizontal wavevector, constructed from the unperturbed fields e+ (Q, Z) and their depth derivatives evaluated on the planar surfaces near the boundaries.
The impedance operator,Z, is a 2 x 2 matrix kernel which is constructed from impedances at the two bounding planes and which is random and non-local in horizontal wavevectors. The 2 x 2~pect of these operators reflects the possibility of scattering from either bounding surface. It is this Lippman-Schwinger form for the surface Green function which allows one to use apparatus developed for quantum mechanical scattering. In particular g can be written in terms of the mean Green function, (g) and a scattering operator t: 9 = (9) + (9)t(9).
Fluctuations of the Green function within the waveguide are obtained by propagating to the boundaries with the mean bulk Green function, scattering with t and propagating back into the waveguide again with the mean bulk Green function. The second moment of the field is found from the mean Green functions in the bulk and the second moment of the scattering operator. The latter can be approximated using the BetheSalpeter equation for the second moment of the surface Green function. To make reverberation calculations cross-spectral moments are needed. In the limit of small frequency differences, w, and smallwavevector differences, q, the surface two-point Green function has a pole
When the intrinsic attenuation, described by f, vanishes, the pole is characteristic of diffusive behavior. In addition to this pole contribution there is a non-singular contribution to (tt* ) from single scattering.
The reverberation arising from both single and multiple scattering is given by (6) where~is the complex envelope of the pressure. The first term is the single-scatter contribution; it agrees in form with conventional models for reverb eration [5] . The modal attenuations Am are sums of intrinsic attenuation and the attenuation of the mean field caused by rough boundary scattering. The modal group velocities are denoted by Vm and the sum is over modes. The multiple scattering contribution takes a similar form, but with exponential decay governed solely by &, which is certain mean of the intrinsic attenuations only:
cMult(t) *~~e-ct. m,n When there are no decay mechanisms other than scattering at the boundaries, < = O. In this cme the multiple scattering contribution decays algebraically and dominates the single scattering contribution for long times. Even when f # O it can easily happen that~is smaller than any of the decay constants in the single scatter contributions so that again multiple scattering dominates for large t. Whether this is observable depends in detail on the magnitude of the Am,n and the Bmln.
